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Abstract
In standard electronic structure theory, the quantized nature of the electrons is usually
(approximately) incorporated, whereas the electromagnetic field is mostly treated on a
classical level. In contrast, in quantum optics, matter is typically simplified to models
with a few levels, while the quantized nature of light is fully explored. In this work, we
aim at treating both, matter and light, on an equal quantized footing. Here, we present
different steps towards our goal of establishing a time-dependent density-functional
theory for quantum electrodynamics (QED):
(1) By using the Riemann-Silberstein vector, we illustrate how Maxwell's equations can
be formulated in a matrix spinor representation, which is reminiscent of the Weyl
equation for the neutrino. This approach allows to efficiently propagate classical
electromagnetic fields in vacuum and in dielectric media and provides a direct route for a
coupling to the time-dependent Schrödinger equation or the time-dependent Kohn-Sham
equations.
(2) In order to benchmark approximate functionals of our novel TDDFT approach for
QED, we have constructed numerically exact reference solutions for fully quantized
prototype systems consisting of atoms or molecules placed in optical one-dimensional
and two-dimensional high-Q cavities and coupled to the quantized electromagnetic
modes in the dipole regime. We investigate spontaneous emission for single atoms,
random or structured slabs of atoms and whispering gallery modes.
(3) As an ultimate goal, we would like to include effects caused by the quantum nature
of electromagnetic fields into a time-dependent density functional theory for quantum
electrodynamics [1,2]. As a first example, where this goal has been implemented in
practice, we investigate a Jaynes-Cummings-Hubbard model system driven by external
scalar and vector potentials. Based on a fixed-point iteration, we construct the exact
TDDFT potentials of the model and compare to a Hartree-like mean-field approach.
Maxwell Equations in Spinor Representation
The classical Maxwell's equations in vacuum are given by
(1) ~∇ · ~E = 0 (3) ~∇× ~E = −∂t~B
(2) ~∇ · ~B = 0 (4) ~∇× ~B = µ00∂t~E.
Using the complex Riemann-Silberstein vector for the electromagnetic field [3]
~F (v)(~r, t) =
√
0/2~E(~r, t) + i
√
1/(2µ0)~B(~r, t)
the first two of Maxwell's equations are equivalent to
~∇ · ~F (v) = 0.
The two remaining Maxwell's equations can be formulated in terms of the
Riemann-Silberstein vector in the form
i∂t~F
(v)(~r, t) = c0~∇× ~F (v)(~r, t).
Exploiting the relations
~a× ~b = −i(~a · ~S)~b, Sx =
[
0 0 0
0 0 −i
0 i 0
]
, Sy =
[
0 0 i
0 0 0
−i 0 0
]
, Sz =
[
0 −i 0
−i 0 0
0 0 0
]
,
where ~S = (Sx,Sy,Sz) denote spin-1 matrices, we can express Maxwell's equations in a
form equivalent to the Schrödinger equation in quantum mechanics
i~∂t~F (v)(~r, t) = Hˆ(v)~F (v)(~r, t) with Hˆ(v) = c0
(
~S · ~
i
~∇
)
.
Propagation in a Linear Dielectric Medium
For a linear dielectric medium, both the positive frequency ~F (m)+ (~r, t) and the negative
frequency ~F (m)− (~r, t) component of the Maxwell spinor are required
F (m)(~r, t) =
~F (m)+ (~r, t)
~F (m)− (~r, t)
 , c(~r) =√ 1
µ(~r)(~r)
, w(~r) =
√
µ(~r)
(~r)
.
In the case of a medium the Hamiltonian takes the form
Hˆ(m) =
√
c(~r)
[
1 0
0 −1
]
⊗
(
~S · ~
i
~∇
)√
c(~r) +
~c(~r)
2w(~r)
[
0 −i
i 0
]
⊗
(
~S · (~∇w(~r))),
Classical Field Propagation in a Linear Dielectric Medium
Exact Fock-Space Propagation in 1D
For one-dimensional model systems, we use an explicit matrix representation to construct
the corresponding quantum-mechanical operators in Fock space. As an example we
consider two atoms coupled in the dipole coupling regime to quantized field modes in a
one-dimensional cavity.
The Hamiltonian of this model is given by
Hˆat =
1
2m1
pˆ1
2 − v1√
xˆ1
2 + 1
+
1
2m2
pˆ2
2 − v2√
xˆ2
2 + 1
,
Hˆpt = ~
∑
λ
N∑
n=1
ωn,λaˆ
†
n,λaˆn,λ,
Hˆat−pt = −xˆ1 · Eˆ(x(0)1 )− xˆ2 · Eˆ(x(0)2 ),
where the electric field operator takes the form
Eˆ(x) =
∑
λ
N∑
n=1
√
~ωn,λ
0V
(
aˆn,λ + aˆ
†
n,λ
)
sin (kn,λx) .
We propagate the system by solving the time-dependent Schrödinger equation in the
Schrödinger picture
i~
∂
∂t
|Ψ(t) 〉 =
(
Hˆat + Hˆpt + Hˆat−pt
)
|Ψ(t) 〉 , |Ψ(t = t0) 〉 = |φ1 〉 ⊗ | 0 〉 .
The simulation includes a truncated basis of vacuum, one-photon, and two-photon states
for the electromagnetic field. States with photon number larger than two are omitted.
|Ψ(t)〉 =
∑
j
αj,0(t)|φj〉 ⊗ |0〉 (zero-photon states)
+
∑
j
∑
n
αj,n(t)|φj〉 ⊗ aˆ†n|0〉 (one-photon states)
+
∑
j
∑
n,n′
αj,n,n′(t)|φj〉 ⊗ aˆ†naˆ†n′|0〉 (two-photon states)
To analyze two-photon correlation effects, we evaluate the projected density matrices
ρˆj,j′(n1, n
′
1) = |φj〉〈φj′| ⊗ aˆ†n1|0〉〈0|an′1
ρˆj,j′(n1, n2, n
′
1, n
′
2) = |φj〉〈φj′| ⊗ aˆ†n1a†n2|0〉〈0|an′1an′2
Mapping of two-photon number states to two-photon wavefunction in momentum space
0
1
2
3
4
5k2
0 1 2 3 4 5
k1
k
α1|1, 1, 0, 0, 0, ..., 0〉
α2|1, 0, 1, 0, 0, ..., 0〉
α3|1, 0, 0, 1, 0, ..., 0〉
αi|0, 1, 1, 0, 0, ..., 0〉
αj|0, 1, 0, 1, 0, ..., 0〉
αk|0, 1, 0, 0, 1, ..., 0〉
αp|2, 0, 0, 0, 0, ..., 0〉
αq|0, 2, 0, 0, 0, ..., 0〉
αr|0, 0, 2, 0, 0, ..., 0〉
Ψ(k1,k2)
The time-evolution of the factorized initial state shows spontaneous emission, reflection
on the mirrors, absorption, and reemission on the atoms:
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Exact Fock-Space Propagation in 2D and 3D
For the two- and three-dimensional propagations, we apply the split-operator technique,
which uses Fourier transformations for the time propagation of the initial state. The
system Hamiltonian in the two-dimensional case is the generalized form of the presented
one-dimensional Hamiltonian. The initial state is a factorized initial state, where the field
contains gaussian wavepackets containing one photon, while the matter is in its
ground-state.
Single Atom in Free Space
Slabs of Atoms
(1) Small lattice spacing
(2) Large lattice spacing
Random Gas of Atoms
Atoms Placed on a Ring - Whispering-Gallery Modes
Conclusion and Outlook
In this work, we have presented the first steps towards a time-dependent density
functional theory formulation of quantum electrodynamics. We have presented a classical
propagation of the Maxwell field in vacuum and in linear dielectric media, which is based
on the Rieman-Silberstein vector. Such a formulation allows for an efficient coupling to
the time-dependent Kohn-Sham equations. For several model systems of atoms coupled
to 1D and 2D/3D cavity modes, we have shown exact real-time propagations of the
quantum field theory in Fock space. Such exact solutions serve as reference for future
approximate functionals for a TDDFT formalism for QED. For a
Jaynes-Cummings-Hubbard model, we have illustrated the first implementation of our
novel TDDFT scheme for QED. Future developments of the theory include the
construction of approximate time-dependent xc-functionals for the TDDFT formulation
of QED. To this end we rely on an optimized effective potential (OEP) method for
quantized electromagnetic fields, which is in spirit similar to the usual OEP theory for
classical external potentials. This approach is a promising route to study in future larger
systems of quantized light coupled to matter.
TDDFT for QED (Theory)
Many-body Hamiltonian and initial state
Model system with one field mode coupled to two-level system
ωf
 
ωa
|e>
|g>
 
Jaynes-Cummings-Hubbard Hamiltonian
Hˆ (t) = ωaˆ†aˆ+ λσˆz
(
aˆ+ aˆ†
)
+ jext(t)
(
aˆ+ aˆ†
)
+ vext(t)σˆz − txσˆx
|Φ(t = t0) 〉 = |m0 〉 ⊗ | n0 〉
Conjugated Variables (1:1 Correspondence)
(vext, jext)
| Ψ0 〉←→ (σz(t), p(t)) | Φ0 〉←→ (vKS, jKS)
Kohn-Sham Dynamics and Hartree Approximation
Atom dynamics:
i
∂
∂t
|m(t) 〉 = [−txσˆx + vKS(t)σˆz] |m(t) 〉
vHFKS (t) = vext(t) + λp(t)
Field dynamics:
i
∂
∂t
| n(t) 〉 = [ωaˆ†aˆ+ jKS(t) (aˆ+ aˆ†)] | n(t) 〉
jKS(t) = λσz(t) + jext(t)
Exact Potential via Fixed-Point Iteration [4]
Iterative equation (self-consistency)
vk+1KS (t) = −
−σ¨z(t) + 4t2xσz(t)− 8txvkKS(t)
4tx
(
σx([vkKS]; t) + 2
)
TDDFT for QED (Results)
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λ= 0.1 potential: vKS(t)
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Intermediate-Coupling Limit:
0 10 20 30 40 50 60
time in a.u.
1.0
0.5
0.0
0.5
1.0
am
pl
itu
de
 in
 a
.u
.
density: <σz (t)>
0 10 20 30 40 50 60
time in a.u.
1.0
0.5
0.0
0.5
1.0
am
pl
itu
de
 in
 a
.u
.
exact
Hartree
λ= 0.5 potential: vKS(t)
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